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CHAPTER 1

INTRODUCTION

In many control applications, the plant and controller interface is limited to a small number of sensor
and actuator locations. However, recent technological progress, in the area of micro-electro-mechanical
systems (MEMS) for example, has enabled distribution of microscopic actuators and sensors in certain
spatial configurations, thus, giving much improved control capabilities. Now there is a wide class of
systems that consists of multiple units which directly interact with one another or with only their nearest
neighbors. These systems are referred tepagial array systemer spatially distributed system3he
individual units in spatial array systems are usually equipped with sensing and actuating capabilities.
Examples of such systems include distributed flow control problems [5, 18], smart mechanical structures
[3, 23], formation flight of unmanned planes and vehicle platoons [25, 21], and cross-directional paper
control [17, 24].

The spatial array systems are further sub divided into two categories.

1.1 Spatially Invariant Array Systems

The dynamics of these spatial array systems are assumed to be invariant with respect to translation in
the spatial coordinates. These systems are also daledgeneou$their dynamics remain unchanged
with respect to both spatio-temporal variables. Spatially Distributed systems have been the focus of
much attention during recent years. Most of this work has been restricted to homogeneous systems, that
is, time invariant systems which also have the propertpattial invariance See [1, 2, 14] for detailed

description of invariant interconnected systems.



1.2 Spatially Varying Array Systems

The dynamics of these systems may change with respect to translation in the spatial coordinates.
Most physical systems in the real world dreterogeneoum nature, that is, their spatio-temporal vari-
ables may not be shift invariant. The variation in underlying system dynamics with respect to change in

spatial variables can be due to a variety of reasons:

1. The inherent nature of many systems is such that the individual units which make up the intercon-

nection are not similar to one another.

2. Evironmental disturbances may have different effects on the subsystems that make up the inter-

connection.

3. The effect of boundary conditions may change the dynamics of otherwise similar units.

Systems that are not necessarily shift invariant have been studied recently in [10, 13, 11, 12].

Spatial array systems may employ eitheeatralizedor ade-centralizeaontrol strategy. In certain
cases, a mix of the two strategies may give optimal performance. In a centralized framework, all the
computations are performed by a central controller which then transmits the control signals to individual
units. The measurement and actuation devices must be connected directly to the central controller
where information is shared globally. The individual modules do not have localized controllers in this
framework.

Alternatively, the de-centralized control scheme allows for some distribution of computation across
the network. In the completely de-centralized framework, the sensors and actuators on the individual
modules are connected only to the localized controllers, which operate independently, that is, informa-
tion is not shared globally in this case. Each individual module may interact with its nearest neighbors,

thus making the information readily available to other controllers in the distributed network.
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Figure 1.1 Spatial Array systems: No Interaction Between Controllers

De-centralized systems require less complex controllers, and are much easier to implement than

the centralized systems. De-centralized systems are also more readily scalable, i.e., it is easier to add



C T K, K, Ky Ky |77~

- - _ G2

Gl G0 Gl ________

Figure 1.2 Spatial Array systems: Interaction Between Localized Controllers

additional sensors and actuators in a de-centralized framework since only the local control algorithm
needs to be altered to allow for any additional connections.

Whether the control is completely or partially de-centralized in a spatial array system, the individual
units have to interact with their nearest neighbors to coordinate some global behavior. These interactions
between adjacent units increase the complexity of the entire distributed system. Our focus in this work
is to devise algorithms for the simplification of spatially interconnected systems.

Having given a brief introduction about spatial array systems, we will begin our discussion with
a review of some basic elements of linear algebra and matrix theory in Chapter 2. We also introduce
some key operator theoretic concepts in this chapter which will be used throughout the sequel. Chapter
3 provides a thorough treatment of the issues involved in modelling of those spatially invariant systems
that evolve continuously in time. An appropriate example that illustrates the distributed modelling
approach is the main emphasis of this chapter. In Chapter 4 we first state the controller synthesis
results of [8], and then we end our discussion by presenting model reduction algorithms for spatially
invariant array systems. Chapter 5 revisits the topic of modelling of distributed systems, and extends
the concepts introduced in Chapter 3 to spatially varying systems with discrete-time dynamics. Control
synthesis results of [12] are then stated, leading up to model reduction of spatially varying array systems.

Conclusions and scope for future work are given in the final chapter.



CHAPTER 2

MATHEMATICAL PRELIMINARIES

Let Ny, R, C, andZ denote the set of natural numbers (including zero), real numbers, complex
numbers and integers, respectively. The spacelmf m matrices in real and complex fields is denoted
by R™*™ andC"*™. Then by n identity matrix is denoted. R *"™ denotes symmetric by n matrices.

M > 0 for a symmetric matrix implies* Mz > 0V x # 0. The maximum singular value of € C"*"™
is denoted by (A). A* denotes the complex conjugate transpose of matriXpec(A) andrad(A)
represent its spectrum and spectral radius respectively. The kernel or null spdade denoted by
Ker A and the image space of a matrxis denotedm A.

Lets = (s1,---,sz) denote the spatial dimensions of a distributed system. For spatially discrete
systems, we assume thate Z. We deal with signals of the form = u(t,s), wheret € R* denotes
the temporal dimension. In some instances thaplek := (k1,ka, -+ ,km) € Z™ is used to denote

the spatio-temporal variables together. Note that in our ikpridways denotes the temporal variable.

Definition 1 The spacd- is the set of functions for which

[e.e] [e.e]

Z Z z*(s)z(s) < oo. (2.2)

§1=—00 S, =—00

The inner product ors is given by

<$,y>52 = Z Z :L‘*(s)y(s) (22)

§1=—00 S =—00

The corresponding norm which is simply the square root of the inner product is defined as
[2lley := /(2,2}y, (2.3)
Definition 2 The space, denotes the set of functions for which

/DOO lu(®)I12,dt < oo. (2.4)



The inner product o5 is given by

(1, o)z, = /0 (), v(E)) e dt, (2.5)

with corresponding norm
||’U,”£2 =V <u7u>52' (26)

To account for signals, whose overall norm may not be finite even if their spatial norm at every

instant is finite, we define the space

Definition 3 The spac€ is the set of functions mappiRy" to ¢, for which

T
/ lu(t)||7,dt < oo, for everyT > 0. (2.7)
0
The induced gain of an operatBron /5 is given by
Fzx
Bl = sup 1Etle 28)
x€Lly,x#£0 qufz

An operator is bounded |fF||,, < co. The operatoF* is the adjoint of a bounded opera®rif

(u, Fv)g, = (F*u,v)p, V u,v € {s. (2.9)

Similar definitions hold for operators afy.
Definition 4 The inertia of a symmetric matrii, denotedn(H), is given by the triple
(in (H), ing(H),in_(H))

in No, where(in, ing, in_) denote the number of positive, zero and negative eigenvalues of the matrix,

respectively.

2.1 Shift Operators

Spatial shift operatorS; on ¢, are given as
(S’Lu(t))(s) = U(t, S1,00 8+ la e 75L)a = 17 U aL' (210)

Let the multiplicities of all shift operators be denoted iy = (mg, m1,m_1,mo, m_9, -+ ,m_r),
where eachn; € Z* or is zero, then we define the composite shift oper&kgx with the following

structure

A, = diag <jtfmo,slfm1,sl1Im_1,szfm2,szlfm_2,---,sLlfm_L>, (2.11)

whereS; € L.



2.2 Hyperdiagonal Operators

These operators a3 will help us to express the spatially varying distributed systems in generalized

state space form.

Definition 5 Letv andn be sequences mappifig* to Ny, and@ be a linear mapping fron, (Z™; {]R”(’})})
to (o (Z™; {R”(E)}). Then( is said to be a hyperdiagonal operator if there exists a uniformly bounded

sequence of matriced(k) € R™"*)*v(%) such that for eack € Z™ the following equality holds

(Qu)(k) = Q(k)w(k).
Hyperdiagonal operators are the direct generalization of block-diagonal operatorstantiexed case.

The inertia of a self-adjoint hyperdiagonal operatbis simply the inertia of the sequence of matrices

Qk),i.e.,
In(Q)(k1, k2, -+, k) == in(Q(k1, ko, - -+ km))-

2.2.1 Partitioned Hyperdiagonal Operators

A partitioned hyperdiagonal operator is one whose constituent operators are hyperdiagonal. We
will use p(.) to denote the partition dimensions of the partitioned hyperdiagonal operators. We denote
by I]a{r the maximum number of positive eigenvalues of the partitioned hyperdiagonal operator, as the
indexk; is varied over all integers, when the remaining indices are specified. Sirrﬁidﬁrtyenotes the
maximum number of negative eigenvalues.

It is important to mention that the Schur complement formula for partitioned hyperdiagonal opera-

T P
In
([ P* H

T
whereT and H are self-adjoint. Furthermore, the partitioned operator
P* H

only if H — P*T~'P isinvertible. See Proposition 5 of [12] for proof.

tors is given as:

) =In(T) + In(H — P*T'P),

is invertible if and




CHAPTER 3

MODELLING OF SPATIAL ARRAY SYSTEMS

3.1 Introduction

The systems that we consider in Chapter 4 of the sequel evolve continuously in time but their struc-
ture is inherently spatially discrete. L&t be such system that is also linear time invariant. Our aim is
to expres<s in terms of constant finite dimensional matrices in state-space form.

A system must be bounded for it to be expressed in the desired multidimensional state space frame-
work. A bounded system is one that mafs to £ for zero initial conditions, and it€, induced
gain denoted by G|/, is finite. Thewell-posednessondition described in detail in [8] guarantees
the boundedness of spatially interconnected systems. We now repésetiie following generalized

state space form:

{ w(t,s) ] | a B[ ] | o
z(t,s) C D d(t,s)
w = An. (3.2)

where
e A, is the composite shift operator defined in Section 2.1.
e A B,C,andD are finite dimensional constant matrices given by the following structure:

At Ass
Ast Ass

By
Bs

Cr
Cs

A= , B:= , C:= . (3.3

We defineG := {A, B,C, D, m} as the realization of systei@. Thed — =z map for zero initial
conditions for a system given by equations (3.1) and (3.2) is giveP by C(A, — A)~'B and is

simply denoted=. We now discuss a specific example of a spatially distributed system. This will give



us a better understanding of modelling infinite dimensional systems in the multidimensional framework

given by equations (3.1) and (3.2).

3.2 Mobile Offshore Bases

A Mobile Offshore Base (MOB) system is an interesting new application of spatial array systems.
A typical MOB consists of strings of semi-submersible units which may or may not be physically
connected. We refer to these units as modules or vessels. Each module is equipped with on-board
sensors, actuators and controllers. The primary task of the controller is to maintain the alignment of
individual modules so as to form a runway in the sea. Apart from being a floating interconnected
runway, an MOB system may also be used to provide flight maintenance, supply and other logistics
support.

Figure 3.1 Mobile Offshore Base



3.3 Mathematical Model of a Single Vessel in a Mobile Offshore Base

Our aim is to model the MOB system formed by an infinite number of vessels in the desired mul-
tidimensional framework. To do this we first consider the hydrodynamic model of a single vessel in an
MOB.

3.3.1 Equations of Motion in Body-Fixed Coordinate System
The non-linear equations of motion for a single vessel can be written in body-fixed coordinates as
Mv+Cw)v+ Dw)v + Feon(v) = T, (3.4)
where
e M = Mprp+ M, is the inertia matrix which consists of rigid body mass and added mass matrices.

e C(v) = Crp + C4 is the coriolis matrix which consists of rigid body and added mass matrices

of coriolis and centripetal terms.

e D(v) = Dy(v) + D,(v) is the damping matrix which consists of radiation induced potential
damping and viscous damping. The viscous damping term takes into account skin-friction, wave

drift and vortex shedding.

e F..n(v) is the connector force. It depends on the type of connection between the different strings
of vessels which form the MOB system. We describe the connector force in greater detail in
Section 3.4.

e 7 is the force matrix which contains body-fixed components of external forces and moments.
These external forces may include exogenous inputs, like those of thrusters, as well as viscous

drag components.
e v = [u,v,7]T is the velocity vector containing surge, sway and rotation components.

Further details of hydrodynamic modelling of a single submersed vessel can be found in [15]. The above

model is based on the following assumptions:
1. The origin is assumed to lie at the center of the vessel.
2. Mass distribution is assumed to be homogeneous.

3. The forward speed of the vessel is assumed to be negligibley ke().



4. Only the horizontal motion of the vessel is taken into account. Heave, pitch and roll are not

considered.

3.3.2 Equations of Motion in Earth-Fixed Coordinate System

The velocity vector = [u,v,7]” in the body-fixed coordinate system is transformed to the vector
7 = [&,4,4]7 in the earth-fixed coordinate system by the transformation mafr¥. This transforma-

tion between the two coordinate systems is given by

n=Jnv=v=J"n)m, (3.5)
i = J(n)i + J(nv <= v =T ()i — ()]~ ()i, (3.6)
where
cos(v) sin(y) 0
J(m) = | sin(¥p) —cos(vy) 0 |. (3.7)
0 0 -1

Using the above transformation, we get the following earth-fixed representation from the body-fixed

equation of motion given in (3.4).
My (n)ij + Cy(v,m)n + Dy(v,m)n + Feon = Tn, (3.8)
where
o My(n)=JMJT.
o Cy(v,n) = J(CW)J" — MJTJJIT).
e D,(v,n)=JD()JT.
o 7, =JT.

F,.., is the force due to connectors in the earth-fixed coordinate system.

3.3.3 State-Space Representation

We now convert the earth-fixed coordinate system model given in the previous section to generalized

state-space form. We use the position vegter [z, y, ¢]”, and the velocity vectoh = [i, 3, 1]” to

10



determine the state-space realization of the MOB system. Using these six states, equation ( 3.8) can be

written in state-space form as

— 2 - i i 7
ij Yy
il M, Y(C, + D) M, 'Fron (4 M, (3.9)
i I 0 v
y Yy
| ¥ LY

We can also linearize the above equation about equilibrium. Since we have assumed negligible forward
speed and no heave, pitch or roll motion, the equilibrium point of the system is about the zero velocity

vectorn = 0. The linearized system is given by

i

3.

M, (3.10)

8 €<
Il
1
~ o
o O
| I— |
8 2.

<. <.
<

Herer, can be written as

Frx
™=\ Fry |, (3.11)
Fry,
where Frx and Frry are the actuator forces in X and Y directions, dng, is the thruster torque to

control the yaw angle.

3.4 Distributed Model of a Multi-Vessel Mobile Offshore Base System

An MOB system formed by an infinite string of vessels falls in the category of spatially invariant
array systems as all the individual modules have the same dynamics. We make use of the shift opera-
tors defined in Section 2.1 to obtain a finite dimensional realization for this infinite dimensional MOB

system.

11



We first need to quantify the connector forde,,, in equation (3.8). We assume that the modules
are connected by flexible connectors which can be modelled as zero length springs of known stiffness.
The zero length assumption is made in view of the fact that the length of a connector is very small
as compared to the module dimension. The connector force is then specified in terms of real-time

displacements of the adjacent modules as:
Feon = [K(] [77(5+1) - "7(5)] + [K] [77(5—1) - 77(5)] (3.12)
= [KelM(st1) + Ms—1) — 20())5 (3.13)
where

o K. := diag[K,, K,, K] is the diagonal stiffness matri¥<, and K, are the two translational

stiffnesses of the connectors aig, is the rotational stiffness.
e sis the integer that represents the spatial variable.

Substituting for the connector force in equation (3.8), we get
ij = =My~ (Cy + Dy = My [K][1s41) + sy = 20(9)] + 7. (3.14)
Rewriting the above equation by using the shift operators
il = =My~ (Cy + D)ty — My ' [K[S1 + ST = 2]ns) + 7 (3.15)

We now write equation (3.15) in terms of state-space representation of Section 3.3.3. Let the velocity
vectorn = [z, 9, z/}]T define the first three states, and the position vegter [z, y, /|7 define the next
three states of the state-space system. Then the state and input matrices for the state-space realization
are given hy:
~M, Y C, + D,) —M, ' [KJ(S1+ S -2 I
A= n (Cy+ Dy) n K (S1+ 51 ) B | B (3.16)
I3 03 ()3
The C andD matrices depend on the number of sensor measurements and input channels.
The state matrix given in equation (3.16) contains the shift operators. In order to get a finite dimen-

sional realization in terms of constant matrices, we define the differential oparayor

dzx

ar =22
T

With the velocity vector) = [z, , z/}]T and position vecton = [z,y, ]’ defining the first six states of

the MOB system, we now define six additional states as

12



r7 = S12 = S124
rg = S1y = S175
T9 = S1¢ = S1%6
z10=S1 'z =S tay
z11 =81ty =Sy s
z12 =51 " =81 "ug
We are now in a position to express the multi-vessel MOB system in the desired framework given by

equations (3.1) and (3.2). The realizatign= { A, B,C, D, m} is given as

m = {6,3,3}

—M,"NC, + D,) 2M,'K,

ATT = ) ATS = ’
I3 03 03 03
03 I3 03 03
AST = 5 Ass - P
03 I3 03 03
I 03
BT = 9 BS -
03 03

The composite shift operatax,, takes the form

A 0 0
0 0 S s

TheC matrix can also be partitioned int@; andC's depending on the number of measurements which
the sensor is designed to perform.

The advantage of modelling spatial array systems in the multidimensional state space framework
is apparent from the fact that although we were considering an infinite string of vessels, the resulting
realization is in the form of constant finite dimensional matrices. This realization is not too complex
since we didn’t consider any sensor or actuator dynamics. However, the dimensions for the state space

realization of an MOB are much higher if these dynamics are taken into account. In one such case where

13



the sensor and actuator dynamics were considenedas calculated to bgl8, 3, 3}. Such higher order
realizations are difficult to use, especially for the purpose of control design. We now present a technique

for simplifying higher dimensional state space models of spatially distributed systems.

14



CHAPTER 4

MODEL REDUCTION OF SPATIALLY INVARIANT ARRAY
SYSTEMS

4.1 Introduction

A computationally feasible method directly aimed at simplifying models of spatially distributed sys-
tems is presented in this chapter. The underlying dynamics of the systems are assumed to be invariant
with respect to both spatial and temporal variables. Spatial invariance should be viewed as the counter-
part to time invariance for spatio-temporal systems. As described in Chapter 3, these systems can be
modelled in the multidimensional framework and represented by generalized state-space realizations.
Detailed analysis of spatially invariant systems can be found in [7, 9, 1, 2]. The main advantage of
the proposed model reduction method is that it preserves the distributed structure of the interconnected
system, while at the same time providing a priori error bounds.

We begin by discussing the issues involved in modelling of feedback interconnection of spatial array
systems. The distributed control results for spatially interconnected systems that were proposed in [8]
make use of this modelling approach. These results allow us to present the model reduction algorithms
given in Section 4.4. We will end our study in this chapter by making some remarks on computational

aspects of the reduction results. For consistency, we utilize much of the same notation as in [8].

4.2 Feedback Interconnection of Spatially Distributed Systems

Consider the feedback interconnection of Figure 4dlis the external input of the closed-loop
system and is the external outputu andy represent the control and sensor signéstepresents the
system under consideration akddenotes its controller. Section 4.4 explains in greater detail how to

interpretG andK in the context of a model reduction problem.

15



7 <— G < d

K

Figure 4.1 Feedback Interconnection of Spatially Invariant Array Systems

For now we restrict ourselves to the fact that given a realizati6h= {A®, B¢, C¢, D¢, m®} for
G and M* = {AX, B¥ C*, D¥, m*} for K, we can form a realization for the interconnected system
denoted byP ;. This realizationM = {A, B, C, D, m} of the interconnection is a function d#(®
and MX; denoted byf, ., i.e.,
MPet = f,(MCM"). (4.1)

The feedback interconnection can thus be captured by equations (3.1) and (3.2) as:

w(t,s) A B x(t,s)
= , (4.2)
z(t,s) C D d(t,s)
w = AmpT. (4.3)
where
A:=PA°P*, B:=PB¢ C:=C°P* D:=D", (4.4)
and
A = Pdiag(Ame, Ame)P*. (4.5)

AC, B€,C¢, and D€ are the closed loop matricasy = m® + m* and P is a permutation matrix that
simply ensures the correct order of the temporal and spatial variables. For more information about

well-posednesand exponential stability of the feedback interconnection of Figure 4.1, see [8].

4.3 Control Synthesis Results

There are three main objectives for designing a controller for the feedback interconnection of Figure

4.1. Firstly, we require the interconnecti@,; to be well-posed and exponentially stable. However,

16



both well-posedness and stability of the closed loop are not immediately relevant from the perspective
of model reduction. The third control objective is the performance index of the closed-loop system.

For the purpose of control design, it is assumed that signaptures the environmental effects such
as noise and disturbances on our feedback system. Qutpptesents the error signals which must be
kept small. Therefore, the aim is to find a controll€rwhich ensures that the mapping fraiio z is
contractive, i.e., the inducefl, gain of the feedback interconnecti@h; is less than 1. The fact that
ensuring the closed-loop nor(fP||z,) to be contractivé< 1) plays an important role in the model
reduction problem will become clear in Section 4.4.

In order to state the synthesis results, we require the following matrix transformation:

Definition 6 Given matrix realizatiooM = {A, B,C, D, m}, whereAss + I is assumed to be invert-

ible, let H be the following matrix:

I, 0 0
0 —Ipm, - 0
H= . . (4.6)
0 0 Im_,
Define functionf,,. as
fore(M) =M ={A,B,C,D,m}, (4.7
where
m = (mg,m;+m_1,0,--- ,mr+m_g,0), (4.8)
Ass = H(Ass—I)(Ass+ 1), (4.9)
[ZST Es] = \/EH(ASS‘FI)il[AST Bs}v
(4.10)
A A
= V2| T | (Ass+ D7, (4.11)
Cs CS
A, By | Ay B A
T = T T T [ Ass )7 A Bs | (812)
C;y D C; D Cs

The model reduction results of the next section are also stated in terms faf ttiansformation.

17



To state the main result of this section, we define the following set of scaling matrices:
X® = {X°®:X°=diag(X¢ X$, -, XS,),

=G 777G 727G w77 G
X8 e RT™ X8 > 0,XE; e RE™ } :

(4.13)
X< = {XS: XS = diag(XE, X, -, XE)),
XK € RTSXWS,Xr >0,XK, € Rsm;(xmi},
(4.14)
G = [XOK: XOK = diag(X S, XS, -, XSK),
X§* € RTVTH, xgx ¢RIV (4.15)

We will now state a lemma which will be useful in understanding the derivation of the synthesis

results as well as the reduction results of Section 4.4.

Lemmal Letmg, - ,m} be fixed. GiverX® andY® in X®, there existsng, - -- ,m}, X* andY*

in XX, and X®K andY ®K in XX such that
-1

XG XGK YG YGK
= (4.16)
(XGK)* XK (YGK)* YK
if and only if
Xe I
> 0. (4.17)
I Y

Furthermore, one may choose} = Rank(/ — Yg, X¢;), andmyg = Rank(I — Y2 X7).
For proof, see Lemma 2 in [8].
We can now state the main synthesis result of this section.

Theorem 2 Let M° be given. Letthe columns.af, form a basis for the null space {)f@i)* (§Su>* 7

and the columns of/x form a basis for the null space {fég Ejd } . Then there existnf < m¢,
X©® € X°, XK € X%, X°K ¢ x°k andA", B*,C", D" such that the three control objectives of well-
posedness, stability and closed-loop performance are satisfied if and only if ther&&xastd Y © in

X¢ such that the following three linear matrix inequalities are satisfied:

. A°YC 4 YO(A%)r Yo(Co) B,

Ny 0 — — Ny 0
! ceye -1 DS, Y <0, (4.18)
0 1 e s 0 I
| @) (D2 | I

18



(A%)*X°® + X°A° X°B)) (C2)*

*

Ny 0 — — Ny 0
* (BS)*xe —1 (D) § <0, (4.19)
0 I {76 e ] 0 I
Cz Dzd —I
Xe I
>0, (4.20)
I Ye

See Theorem 3 of [8] for proof and other details of the synthesis results.
During our discussion of the control objectives, we assumed the performance index to be one. To
design a controller that ensurgP ||z, < 7 for somey > 0, simply replace the-I terms in (4.18)

and (4.19) by—~I. This is equivalent to a scaling % on matricesB andC in the state-space.

4.4 Model Reduction

In the context of model reductio®VI may represent a nominal system model, liken Figure 4.1,
or a closed-loop systen®,;, consisting of a plant and a controller, or just a controller. In any case, we
first transform the data of the given spatially distributed sysMmvia the matrix transformatiorf,,.
given in (4.7). The model reduction problem is then formulated in terms of the transformed distributed
systemM as follows:

Problem Formulation: Given a spatially distributed systeld with realizatio {A,B,C,D,

D,,m,}

m} when does there exist a lower order system mddeivith realizationM, = {4,, B,,C

<

such that

IM =M, |z, <7v, where v>0.

The following theorem shows that given a spatially distributed system representdtitor any~ > 0,
there exists a lower order realizatiov, such that theC, induced norm of the difference betwebf
andM., is less than some positiveif there exist solutionsX., andY,, to a pair of strict Lyapunov

inequalities.

Theorem 3 Given a spatially distributed systeMl with realization M = {A, B,C, D, m}, there

exists a lower order systeidl, with representationM, = {4,, B,,C,, D,,m,} such that|M —
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M, ||z, < v if there exist block structured, = X7 andY, = Y7 bothinX, satisfying

AX,+ X, A" +BB" < 0, (4.21)
AV, +Y,A+CC < o, (4.22)
Amin( X0, Yo1) = A2 (4.23)

wherey > 0, M = {4, B,C,D,m} = f,,.(M) and

X = {X X = diag(XTaXS,lu T )XS,L)a XT € Rsmoxm07 XT > 0, XS,i S Rsmzxml} .

Proof: The proof is based on the synthesis results of Theorem 2, which were derived for a system

G given by the following structure:

wC(t,s) A° | B B x®(t,s)
ts) | =| C.| Dy D, d(t;s) |- (4.24)
y(t,s) 6; ﬁ;d 0 u(t,s)

w® = Apez®. (4.25)

Consider Figure 4.2

7<— M -1 [=<— d
|

M

Figure 4.2 Feedback Interconnection in Model Reduction Setting

Here
y = d, (4.26)
u = M,y=M,d, (4.27)
z = Md—u= (M — Mr) d. (4.28)
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We require this map frond to z to be less than. Figure 4.2 is then equivalent to Figure 4.1 with

M I
G = , (4.29)
I 0
and
K = M,. (4.30)
The state space form ®f with realizationM = {A, B, C, D, m} is given according to equations (3.1)
and (3.2) as
t, A B t,
w(t,s) _|4 B x(t,s) 7 (4.31)
z1(t,s) ¢ D d(t,s)
w= Amz. (4.32)
Note that
z2=Md—u=2z —u. (4.33)

ThenG as given in equation (4.29) is captured by the following equations:

w(t,s) Al B 0 x(t,s)
z(t,s) | = C| D -I d(t,s) |, (4.34)
y(t,s) 0 0 u(t,s)
w = Am<, (4.35)
Define
_ . _ C — D —I
A% .— A, BG;:[§ 0}, c° = . D° = . (4.36)
0 I 0

In order to apply the synthesis results of Section 4.3, we still need to determine appropriate matrices
Ny andN. We know from the assumptions in Theorem 2 that

Im Ay = Ker [ (B (D%,)" |, (4.37)
and
Im Ny = Ker | (C5) (DS, |- (4.38)
Since
ImNy ={weW:3 veV satisfying Nyv =w},
and

G

Ker| (B (D%, | ={ses:| @) @) |s=0}, (4.39)
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this implies
[ (B (D2 | Mev=0 must hold ¥ veV.

Hence,

G

| (B (D) | M=o (4.40)
Similarly,
| @) @) | Nx=o. (4.41)

Substituting values from equation (4.34) yields

o —1|& =0 (4.42)
o 1]M =0 (4.43)

The most obvious choice @f, and Ny satisfying the previous two equations is
Ny =Ny = { é ] : (4.44)

Now we can apply the synthesis results of Theorem 2 to the sy&a@iwen by (4.34) and (4.35). The
first two LMIs in (4.18) and (4.19) give

AY + YA vYO© B I 0
I 00 _ _
9% —I D 0 0| <0,
00 I L
B D] 0 I
A'X+XA XB C*] I 0
I 00 _ .,
BX —~I D <0,
[o 0 I] o
[C D] —~I 0 I

whereX,Y € X. In Section 4.5, we will also denot&¥ andY by X°¢ andY ¢, where the superscript

refers to the syster@. Equivalently, we have

Ay +YA" B
= < 0 (4.45)
B -1

AX+XA C
_ < 0. (4.46)
C —~1
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Applying Schur complement formula to the last two LMIs yield

AY + YA + iBB* < 0, (4.47)
AX + XA+ ic*c < 0. (4.48)

Now define
Xy :=7Y, and Y, :=~vX. (4.49)

As a result, LMIs (4.47) and (4.48) reduce to
AX,+ X, A" +BB < 0, (4.50)
AY, + Y, A+CC < 0, (4.51)

thus giving the first two LMIs of the simplification result. To arrive at the third condition, we make use
of the last LMI of Theorem 2, i.e.,

X: I
> 0. (4.52)
I Y;
Applying a Schur complement operation yields
X:—Y1>o0 (4.53)
Substituting from (4.49) we get
1 _
;Yw — X1 >0. (4.54)
This gives
X, Y, >~ (4.55)

Applying Lemma 1 to (4.52), and substituting f&, andY,, from (4.49) we get
Rank (2] — X, Y5,) = iy, (4.56)

Thus
Amin (X Yy,) = 7,

which is the required result.

4.5 Computational Issues

The most important aspect of implementing the model reduction algorithm is the calculation of a
reduced order modé¥1, with representatiobMl, = {A,, B,,C,, D,,m,}. We first describe explicit

formulas for calculating this lower order representation.
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4.5.1 Explicit Formulas for Lower Dimensional Model

To calculate the lower order modBiL,., we apply the synthesis results of Theorem 2 to the plant
and controller interconnection given by Figure 4.2. As a result we get the mafi€eg® ¢ X°,
X" e XX, andX ¢k € x°K,

Using Lemma 1, one may choosg' = Rank(I — Y, X¢,), andm; = Rank(/ — YPX7). We
can then use singular value decomposition to compiit&‘) and (Y ¢¥) as full column rank matrices.

We then find the matriX defined by the following structure:

o XG XGK
X = ) (4.57)
(XGK)* XK
3 YG YGK
X = . (4.58)
(YGK)* YK
Note thatX is given as the unique solution of the linear equation
_ e I I Xe©
X = . (4.59)
(YGK)* O 0 (XGK)*
Define
Ye I I Xe©
H1 = s H2 = s (460)
(YGK)* 0 0 (XGK)*
then
XTII; = Il;. (4.61)

The feedback interconnection of Figure 4.2 is well-posed and stable, adddts map, |M —
M, || z,, is less thany if the following inequality is satisfied:
(A X +XA° XB° (C°)*
(B )X —~I (D°)* | <0. (4.62)
c° D

C

For details about how the last LMI ensures that the three control objectives are met, see [8]. The closed-
loop matricesd”, B, C°, andD°® are given by

s 6 _
c A0 5° B c C
0

A° = o ° . ~D,.  (463)
AT‘ BT _CT
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The plant datad®, B®,C°, and D° is given in equation (4.36). The parameters of the lower order
model, {4,, B,,C,, D,.}, are now the only unknowns in LMI (4.62). By Schur Complement, this

inequality is equivalent to the following two conditions:

- gc (_DI)* ] >0, (4.64)
- Y
(A VX + XA + [ (B C)CX ! [ (BC):X <0. (4.65)

Pre and post multiplying the second conditionIlbyandII;, and using equation (4.61) gives

]y

(B%)*1L,

ITH(A%)* Iy + 5 ATI, + .
Cc°IL

L (4.66)
ot

Substituting forll;, II,, A°, B, andC* from equations (4.60) and (4.63), the last LMI reduces to

Tye U
ve FA <, (4.67)
\I/:Zr ‘IJXG
where
. B)* 1 B)*
Uyo =AY +YCA + | Q gt (J , (4.68)
CYG _ CT(YGK)* CYG _ CT(YGK)*

*

(E)*XG —i—ET(XGK)* \Il—l

(E)*XG + ET(XGK)*

C

Uyo:=A X®+ XA+ [ ,  (4.69)

(B)*
CY® — C (Yo )
(4.70)
The expressions (4.68)-(4.70) are very simplified since our plant data given in equation (4.36) has a very

Uy, = XOKA(YO)* + (A)* + XCAY® + [ X°®B+ X°*B, C" ] gt

nice structure. Note that the state matrix for the reduced order mdgdehppears only in off-diagonal
block ¥ 4,. Furthermore,- andC',. appear in a decoupled fashioning. and¥y<. We can thus solve

for the lower order systemv, in the following manner.
e ChooseD, that satisfies the inequality (4.64).
e ComputeB, such that¥ ys < 0 andC, such thatVys < 0.

e Find V4, such that (4.67) holds and solve (4.70) for.
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Note that the inequality (4.67) is equivalentligrs < 0, Uye < 0, andoqq (=P xe) /20 4, (—Tys)~1/2) <

1. So all admissiblel 4, 's are given by:
Uy, = (—Uxe) 20(—Wye)/? with &*® < 1. (4.71)

A, is then uniquely determined using (4.70). The above formulas for determining the lower order
system model make use of the procedure given in [16], in which explicit controller formulas for simple
one dimensional systems are derived.

Having described how to compute the lower order system model, we discuss the various steps in-
volved in implementing the model reduction result given in Theorem 3. We begin by solving the LMIs
(4.21) and (4.22) to gek, andY,,. Note thatX® andY ® used in computing the lower order system
model are simply obtained by scalifg, andY’, according to equation (4.49).

We then simultaneously diagonalize the prodictY’, to obtain a block diagonal matrix, say.

The partitioning of block diagonal is similar to that ofX, andY’,.

Now we sefAmin (Xq Y5, )| = [Amin (X7)| = 7.

Finally, using the procedure described in Section 4.5.1, we check for the existence of a reduced
order modeM,. such that|M — M,||z, < 7.

We can also perform this whole procedure in an iterative manner and sum the error bounds obtained

in each step using the triangular inequality, i.e.,

IM-M,, +M,, —M,, + M, ... — M, |lz, <71 +72+ %
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CHAPTER 5

MODEL REDUCTION OF SPATIALLY VARYING ARRAY SYSTEMS

5.1 Introduction

In this chapter we present a computationally feasible model reduction method for finite extent het-
erogeneous distributed systems. Most practical systems are finite dimensional, i.e., their dynamics of
interest, with respect to spatio-temporal variables, are restricted to a finite horizon. Examples include
systems formed by the interconnection of a finite string of vehicles [6, 25, 21, 20]. The model reduc-
tion technique presented in this work is derived from the controller synthesis results of [12] that were
developed for distributed control of heterogeneous systems. Model reduction algorithms for spatially
invariant array systems with discrete-time dynamics were first presented in [4]. We make use of the
operator theoretic tools of Section 2.1 and Section 2.2 to extend the results of [4] to the spatially varying
case.

We begin our study by describing the modelling of spatially varying systems, and in particular will
model finite extent spatial array systems. We will then state the controller synthesis results of [12],
before proceeding to derive the model reduction algorithms for heterogeneous systems.

For spatially varying distribued systems, we define the composite shift operator as:

S1

S

A= Syt , (5.1)

S—l

where operato6; on /s is ashift operatorsuch that

(Sﬂ))(k) = 7)(]{31, .. ‘7ki—17ki - 1,ki+1, . 7km)

27



The operatorSi‘1 defines a forward shift in a similar manner. Tietuplek := (k1, ko, - - - , ky) € Z™
is described in Chapter 2, and is used to denote the spatio-temporal variables.
5.2 Spatially Varying System with Discrete-Time Dynamics

We consider discrete time systems, whose structure is inherently spatially distribut€&l deebte
the discrete time spatially distributed system that is assumed to be linear and causal. It can be represented

by the following state-space form

$1(k‘1 — 1, ]{32, cey ]{Im)
:L'Q(kil, k‘z — 1, cey /{Tm)
malkn, ks N boeokm) A(Rye(r) + B | ] (5.2)
:cd,l(kl, kg, Ceey ]{Zm — 1)
$d(k1, kQ, ey km + 1)
B cmem +om | P (5.3)
y() | u()
where
[ An(R) Ava(R)
Alk) = : : ; (5.4)
I A (k) Agq(k)
| Bi(k)
B(k) = : , (5.5)
| Ba(k)
Clk) = | Ci(k) --- Cyk) |- (5.6)

Note thatd = 2m — 1 since the time variablé; only has a backward shift. Matrix sequences
A;j(k), By (k),Cii(k), and Dy, (k) in equations (5.2) and (5.3) define partitioned hyperdiagonal op-
eratorsA, B, C, and D. The state model given in equations (5.2) and (5.3) is a generalization of the

Roesser model introduced in [22]. We can now rewrite this model in generalized state space form using
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the composite shift operator and the partitioned hyperdiagonal operators as
w
xr = AAz+ AB , (5.7)

z w

= Cz+D . (5.8)
Y u

The controllerK in Figure 5.1 is assumed to have the same distributed struct@eldsnce, it can be

modelled in a similar manner.

I <— G W

K

Figure 5.1 Feedback Interconnection of Spatially Varying Array Systems

5.2.1 Finite Extent Spatial Array Systems

Before stating the model reduction results of this chapter, we describe the type of systems under
consideration. In the case of standard temporal systems, where there is only one independent variable
k1, we often consider systems that evolve for finite time, i.e., whed T, for somel" > 0. Similarly,
in this section we focus on spatial systems, whose dynamics in every vatialadee restricted to a
finite horizon. In order to write such systems in generalized state space form, we need to define the
hyperdiagonal and shift operators on a reduced space. Such a finite interval restricting the Variables
is given by

I ={ai,a; +1,...,b; — 1,b;} C Z.
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Now we can define the hyperdiagonal operators on the reduced&ggé@ée’ x I; x Z™ 1) as

A(k‘), for a; < k‘l < bl
Ak) =< 0, for eitherk; = a; — 1 (5.9)
ork;, =b;,+1

The hyperdiagonal operators, C, D, X, andY can similarly be defined bf)’, C,D,X,andY, re-
spectively.

We also define the shift operators on the reduced sfyd#é ! x I, x Z™ 1) as

[ w(k,... k;—1,... ky), whenj#£i
v(ki, ..., ki—1,...,ky), whenj =1
(Sjv) (k) := andk; # a; (5.10)

0, whenj =i

andk; = a;

gj—1 is defined in a similar way. We can then define the composite shift opekataor the restricted
space as\ = diag (5‘1, Sy, 551, ,S;f) .

A finite extent spatially distributed syste@ is then captured by the following equations:

v = Ae+iB| " | (5.11)
u
V4 ~ A~ w
= Cz+D . (5.12)
y u

We usep(A) to denote the partitioned dimensions.4f The partitioning ofA is similar to that of
operatorA shown in equation (5.4). So in this case wejslet) := (72), wheren = (n1,...,ng) € N°.
The map fromw — z for the closed-loop finite extent system is denoted%y whereP,, = Ccz(I —
AgAq) "AuBa + Da.

5.3 Control Synthesis Results

We now state the controller synthesis results of [12] which form the basis of the reduction algorithms
presented in the nest section. We assume that the signalg, andw in Figure 5.1 are all elements
of 45. w represents the exogenous disturbanceszatehotes the error signal. The objective of control
design is not only to stabilize the closed-loop system but also guarantee that the map foomis

contractive, i.e.|Pylle,—e, = |Ca(I — AgAy) 1 AuBy + Dyl < 1, where the subscripts denote the
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closed-loop matrices. To state the synthesis results of [12], we define the following set of self-adjoint,

partitioned hyperdiagonal operators.
X ={X:X:=diag(Xy,...,Xq), X1 >0}. (5.13)

Theorem 4 Given a nominal syster& as in (5.2) and (5.3), a vectomxi,...,ngq) € N? and
(n1,...,nq) := p(A), suppose that

(i) The partitioned hyperdiagonal operators

Xq Yy

are both elements of the s&t

(il) The operatorsN, and N, are defined by

ImNe = Ker[B; D{Z}, NIN.=1. (5.14)

ImN, = Ker[02 Doy } NN, = 1. (5.15)

(iif) For each2 < j < d, setting i equal to the smallest integer satisfying %, the inequality

— | X R _ X; - -
m' |’ (k1, ko) +In” | 77 (k1,ks) <
1Y Iy,
nj + NKj
holds, for all (k1, k2) € Z~' x Z™~1.
If the following three conditions are satisfied
A B AXA 0 A B X 0
N} - N. <0, (5.16)
C1 Du 0 I C1 Dy 0 I
A B Y 0 A B AYA O
N} - N, <0, (5.17)
Civ Dn 0 I Ci1 D11 0 I
X1 I _ _
In (k}) < (n1 —i—nKl,oo,O)sz ez, (5.18)
I Y

then there exists a controlldK that stabilizes the closed-loop state equations and ensures that the
w — z Map is contractive o#l,. Furthermore, the controller can be chosen so that its state dimensions

satisfyp(Ac) < (i, -+, nica) -

See Theorem 22 in [12] for proof.
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5.4 Model Reduction

The spatio-temporal systems under consideration evolve in discrete time over a finite interval and
have a structure that is inherently spatially discrete. We can now formulate the model reduction problem
for such systems.

Problem Formulation: Given a finite extent spatially distributed systa with p(A) = (ny, ..., ng),

when does there exist a lower order distributed syéf&mwith p(A) = (ny1,...,n.q), Such that
HM - MTH&—%z <L

In the model reduction settindyI may represent a finite extent nominal system mo@glor a
closed loop system modd®P,;, consisting of a plant and a controller, or just a controller. Now we state

the main model reduction result of this chapter.

Theorem 5 Given a finite extent spatially distributed systdh there exists a lower order representa-
tion M., such that|M — M., ||,,_.¢, < 1 if there existX andY both in X, satisfying

(i) A* (A*XA) A-X+¢+C <o,

(1) AYA* — (A*YA)+ BB* <0,

(#1) Amin (leq —1,

N—

wherep(A) := (n1,...,nq), p(A,) := (n,1, . ..,n.q) and X is the restriction oft on the reduced

spacels, via equation (5.9).

Proof. The proof is based on the synthesis results of Section 5.3. Those results were derived for a
spatially varying distributed syste@ given by equations (5.7) and (5.8). In order to apply those results,

we define our finite extent distributed syst€Enin the following way.
G = , (5.19)

whereM is the given distributed system which is to be reduced. Now if wilet M, then Figure

5.1 is equivalent to Figure 5.2.

From Figure 5.2 we see that

y = w, (5.20)
v = M,y=M,uw, (5.21)
z = Mw—u= (M — MT> w. (5.22)
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A
M

r

Figure 5.2 Feedback Interconnection of Finite Extent Spatial Array Systems

The aim is to ensure that the map fram— z is contractive, i.e.||[M — M, ||, s, < 1. The
synthesis problem is therefore converted into an equivalent reduction problem. In order to determine
whether there exists a reduced order system mddg) so that|M — M, ||,,_.¢, < €, for some constant
e > 0, thee dependent problem can be rescaled to arrive at the contractive version given above.

The state-space form & is given by the following state equations:

¢ = AAz+ ABuw, (5.23)
2z = Cz+ Duw. (5.24)

Note that
z=Muw—u=2z —u. (5.25)

ThenG as given in equation (5.19) is described by the following equations:

v = [\Ax+A[B o] s (5.26)

Ll L)

Comparing (5.26) and (5.27) with (5.7) and (5.8), we get

C
T+
0

Bi=B, B;=0, C;=C, C,=0,
Dy =D, Dig=—I, Dyy=1, Dyy=0. (5.28)
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To apply the synthesis results of Section 5.3, we still need to determine the ma¥ricesl N,. We
know from the assumptions in Theorem 4 that

ImN, = Ker [ 0 I } , N*N, =1. (5.29)
ImN, = Ker[ 0 I }, NiN, =1I. (5.30)
Since
Im N, = {w EW:3 veV satisfying N = w} , (5.31)
and
Ker[o —I]:{sES:[O —I]s:O}. (5.32)
This implies that
[ 0 —I ] N =0 must hold ¥ v e V. (5.33)
Hence,
[o I } N, =o0. (5.34)
Similarly,
[ 0 I } N, = 0. (5.35)

One such choice aV, and N, satisfying equations (5.34) and (5.35) is

N.=N, =

I ]
_ (5.36)
0

Now we apply the results of Theorem 4 to the finite extent spatially varying system given by equations

(5.26) and (5.27). LMlIs (5.16) and (5.17) give

I A B AXA 0 A B X 0 I
N P e <0, (5.37)
0 C D 0 I C D 0 I 0
I A B Y 0 A B AYA 0 I
.o .. - < 0. (5.38)
0 C D 0 I C D 0 I 0
Equivalently, we have
| AdeghArere - % AW XMBrCD |
N . e N. <0,
B*(A*XMNA+D*C  B*(A*XA)B+D*D -1
| AYA* — (A*YA)+ BB*  AYC*+ BD* .
N; M(A A)A . N, <0
CYA*+ DB* CYC*+DD*—1




Substituting forN,, and NV,,, the last two inequalities yield

0, (5.39)
0, (5.40)

which are the first two conditions of the reduction result.
To arrive at condition (iii) of Theorem 5, we use the inertia condition of the synthesis results which
is given in LMI (5.18),

: X1 (k) I _
in o < (ny 4 np1,00,0)Vkez™, (5.41)
I Y (k)
This implies
X, I
ing . < np A+ e, (5.42)
I Y
X, I
in_ ) <0 (5.43)
I Y
It is easy to verify that
X, I I 0 X -yt oo I 0
R =1 . . R . (5.44)
I 7 vitor 0 Vi I
By hyperdiagonal form of Schur complement formula
X, I N .
in L —in <X1 _ Y;l) +in (Yl) . (5.45)
I Y
Now using (5.42) and (5.43) we get,
ing <X1 — }Aflil) + ing (Yl) < ni 4+ ng, (546)
in_ <X1 — Y;l) +in_ (Yl) < 0. (5.47)

The above inequalities imply that rank &f, — Yfl is at mostn,.;. From the rank condition we can

A o I 0
conclude that there exisfs; € R™*"r1 and a matrix/ = € R*r1xnr1 gych that

0 —I

X, - Y = X,JX3, (5.48)
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and

in(J) = (n1 + n,1,0,0) — in(¥7). (5.49)

From equation (5.48)X; — X».J X3 = Y;'. Now by Schur complement formula

. X1 Xy o
in . = in(Y7)+in(J)
X3 J
= (n1+mn,1,0,0). (5.50)
Its simple to show by algebraic manipulation that
A A _1 A A A A
X X Y Y1 XoJ
o s (5.51)
X3 Jt —JX5Y1 J+JX5Y1XoJ

SettingXs = J !, andYs = —Y; XoJ € R"*™1 andYs = J + JX5V1 XoJ € R™1%™1, we get

A A _1 A A
X1 X2 Yl Y2

o =t (5.52)
X3 X Yy Vs
Substituting forJ ! in (5.50) gives
X; X
T s (5.53)
X X

The derivation of equations (5.52) and (5.53) from (5.46) and (5.47) is based on Lemma 18 in [12].
It is trivial to show that (5.52) and (5.53) are equivalent to

Xl I X1 I
R > 0, and rank R < ny 4+ nge. (5.54)
I Y I Y

The proof may be found in [19]. Now by Schur complement
X, -yt >o. (5.55)

This implies
X% > 1. (5.56)

Sincerank(XlYl — I) = Ny1, thUS)\mm(leffl) =1.
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5.5 Remarks on Computation

Note that for finite extent systems, the reduction results are in the form of inequalities on a finite
dimensional space. These can be readily converted to Linear Matrix Inequalities (LMIs), making them
immediately amenable to computation via semidefinite programming (SDP). If on the other hand, the
system dynamics are not finitely restricted in all the variablesks, - - - , k,,,), then we get an infinite
dimensional pair of inequalities which are not as easy to solve as their finite dimensional counterparts.

In this chapter, we applied the synthesis results of [12] to finite extent spatially varying systems, cast-
ing the synthesis problem into an equivalent reduction problem. The reduction results that we derived
guarantee that th& induced norm of the difference between the original and reduced order systems is
less than 1. To ensure that the norm of the difference between these systems is less than somg positive

we can readily re-scale thkedependent problem to arrive at the contractive version given in this chapter.
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CHAPTER 6

CONCLUSIONS

The model reduction methods presented in this thesis rely on solution of a pair of LMIs, or inequal-
ities on a finite dimensional space. These results can be implemented using the standard semidefinite
programming (SDP) approach, making them computationally tractable. The reduction algorithm de-
scribed in Chapter 4 is applicable to systems evolving continuously in time, whose dynamics are spa-
tially invariant. It makes use of the control design method for spatially invariant distributed systems and
casts the design problem into an equivalent reduction problem by suggesting an appropriate choice for
the system(G. This result should be viewed as the continuous time counterpart of the one presented in
[4].

A large majority of real world physical systems are both finite extent and heterogeneous in nature.
The results for spatially varying systems given in Chapter 5 are thus applicable to most practical prob-
lems that are distributed in nature.

In this study, we also make an effort to motivate the reader with the help of an interesting example
of a mobile offshore base system. This example provides useful insight into the distributed modelling
approach which helps us to represent the spatial array systems in the familiar multidimensional state

space framework. A lot of research is currently being done to implement the idea of MOB system.

6.1 Scope of Future Work

Ongoing studies in this area include extension of the model reduction results to systems whose
temporal dynamics do not satisfy the usual Lyapunov stability conditions.

Another direction of research could be to combine the LMI-based model reduction approach for
distributed systems with balance truncation techniques. This may increase the efficiency of the reduction

algorithms since balance truncation is usually easier to implement.
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