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Abstract— This paper presents a technique for model reduc-
tion of spatially distributed systems. It is applicable to systems
with dynamics that evolve continuously in time, but whose
spatial structure is inherently discrete. The technique relies on
linear matrix inequality (LMI) based synthesis results developed
for control design of spatially interconnected systems. A key
property which is exploited in the derivation of synthesis results
is spatial invariance, which means that the system dynamics
remain unchanged with translation in spatial coordinates. Such
systems can be modelled by linear fractional transformations
(LFTs) on spatial and temporal variables. The results in this
paper are presented in terms of LMIs, making the reduction
problem computationally attractive.

I. INTRODUCTION

In many control applications, the plant and controller
interface is limited to a small number of sensor and actuator
locations. However, recent technological progress, in the area
of micro-electro-mechanical systems (MEMS) for example,
has enabled distribution of microscopic actuators and sensors
in certain spatial configurations, thus, giving much improved
control capabilities. Examples include distributed flow con-
trol problems [1], [2], smart mechanical structures [3], [4],
formation flight of unmanned planes and vehicle platoons
[5], [6], and cross-directional paper control [7], [8]. These
spatially distributed systems thus consist of multiple units
that interact with their nearest neighbors to coordinate some
global behavior. The interactions between adjacent units
increase the complexity of the entire distributed system.

A computationally feasible method directly aimed at sim-
plifying models of spatially distributed systems is presented
in this paper. The underlying dynamics of these systems are
assumed to be spatially invariant. Spatial invariance should
be viewed as the counterpart to time invariance for spatio-
temporal systems. These systems can be modelled in the
linear fractional transformation (LFT) framework and repre-
sented by generalized state-space realizations [9], [10], [11],
[12]. The main advantages of the proposed model reduction
method is that it preserves the distributed structure of the
interconnected system, while at the same time providing a
priori error bounds.

As in the simplification results of discrete time spatially
distributed systems [13], the reduction techniques described

herein require the solution of two linear matrix inequalities
(LMIs). The main difference is that we consider systems
that evolve continuously in time, as is the case for most
naturally occurring systems. We transform the control syn-
thesis problem of [14] into an equivalent reduction problem.
Although the results described in this paper are only valid for
spatially invariant systems, these techniques can be extended
to derive reduction results for spatially varying systems like
those discussed in [15], [16], [17], [18].

The paper is organized as follows; Section 2 introduces the
notation and basic concepts used in the paper. The control
synthesis results of [14] are reviewed in Section 3. The LMIs
derived in Section 4 constitute the main model reduction
result of this paper, and concluding remarks are given in
Section 5.

II. PRELIMINARIES

The set of real numbers and integers is denoted byR, and
Z. The space ofn by m matrices in real and complex fields is
denoted byRn×m andCn×m. Then by n identity matrix is
denotedI. Rn×n

S denotes symmetricn by n matrices.M > 0
for a symmetric matrix impliesx∗Mx > 0 ∀ x 6= 0. The
maximum singular value ofA ∈ Cn×m is denoted bȳσ(A).
A∗ denotes the complex conjugate transpose of matrixA.
The kernel or null space ofA is denoted byKerA and the
image space of a matrixA is denotedIm A.

For consistency, we utilize much of the same notation as
in [14]. This is, let s = (s1, · · · , sL) denote the spatial
dimensions of a distributed system. For spatially discrete
systems, we assume thatsi ∈ Z. We deal with signals of
the form u = u(t, s), where t ∈ R+ denotes the temporal
dimension.
Let spacè 2 be the set of functions for which:

∞∑
s1=−∞

· · ·
∞∑

sL=−∞
x∗(s)x(s) < ∞. (1)

SpaceL2 denotes the set of functions for which:
∫ ∞

0

‖u(t)‖2`2dt < ∞. (2)



The inner product oǹ2 is given by

〈x, y〉`2 :=
∞∑

s1=−∞
· · ·

∞∑
sL=−∞

x∗(s)y(s), (3)

whereas the inner product onL2 is given by

〈u, v〉L2 :=
∫ ∞

0

〈u(t), v(t)〉`2dt. (4)

The corresponding norms on`2 andL2 are simply the square
roots of their inner products, i.e.,‖a‖ :=

√
〈a, a〉. To account

for signals, whose overall norm may not be finite even if their
spatial norm at every instant is finite, we define the spaceL,

for which:
∫ T

0

‖u(t)‖2`2dt < ∞, for everyT ≥ 0. (5)

The induced gain of an operatorF on `2 is given by

‖F‖`2 := sup
x∈`2,x6=0

‖Fx‖`2

‖x‖`2

. (6)

An operator is bounded if‖F‖`2 < ∞. The operatorF∗ is
the adjoint of a bounded operatorF if

〈u,Fv〉`2 = 〈F∗u, v〉`2 ∀ u, v ∈ `2. (7)

Similar definitions hold for operators onL2.
The systems we consider in this paper evolve continuously

in time but their structure is inherently spatially discrete. Let
M be such a system, then its dynamics may be given by the
following infinite dimensional state space equations:

ẋT(t) = AxT(t) + Bd(t), (8)

z(t) = CxT(t) + Dd(t), (9)

xT(0) = x0. (10)

where operatorsA, B, C, andD are assumed to be bounded
on `2. xT(t), d(t), z(t), and x0 belong to `2. We want to
represent the above infinite dimensional system in terms of
constant finite dimensional matrices in state-space form. In
order to achieve the finite dimensional realization, we define
the following:
Spatial shift operatorsSi on `2 are given as

(Siu(t))(s) := u(t, s1, · · · , si + 1, · · · , sL), i = 1, · · · , L.

(11)
Let the multiplicities of all shift operators be denoted bym =
(m0,m1,m−1, m2, m−2, · · · , m−L), where eachmi ∈ Z+

or is zero, then we define the operator∆m with the following
structure

∆m := diag
(

d

dt
Im0 ,S1Im1 ,S

−1
1 Im−1 ,S2Im2 ,

S−1
2 Im−2 , · · · ,S−1

L Im−L

)
, (12)

whereSi ∈ L.

A system must be bounded for it to be expressed in the
desired LFT framework. A bounded system is one that maps
L2 to L2 for xT(0) = 0, and itsL2 induced gain denoted by
‖M‖L2 is finite. Thewell-posednesscondition described in
detail in [14] guarantees the boundedness of the system given
by (8) and (9). We can now represent this infinite dimensional
systemM in the following LFT framework.

[
w(t, s)
z(t, s)

]
=

[
A B

C D

] [
x(t, s)
d(t, s)

]
, (13)

w = ∆mx. (14)

whereA,B, C, andD are finite dimensional constant matri-
ces given by the following structure:

A :=
[

ATT ATS

AST ASS

]
, B :=

[
BT

BS

]
, C :=

[
CT

CS

]
.

(15)
We defineM := {A,B, C,D,m}, as the realization of
systemM. The d → z map for zero initial conditions for
a system given by (13) and (14) is given byD + C(∆m −
A)−1B and is simply denotedM.

Consider the feedback interconnection of Fig. 1.d is the
external input of the closed-loop system andz is the external
output.u andy represent the control and sensor signals.G
represents the system under consideration andK denotes its
controller. Section 4 explains in greater detail how to interpret
G andK in the context of a model reduction problem.

For now we restrict ourselves to the fact that given a
realizationMG = {AG, BG, CG, DG,mG} for G andMK =
{AK , BK , CK , DK ,mK} for K, we can form a realization for
the interconnected systemPcl = G ? K. This realization
MPcl = {A,B, C,D,m} of the interconnection is a function
of MG andMK ; denoted byf

IC
, i.e.,

MPcl =: fIC (MG,MK). (16)

The feedback interconnection can thus be captured by (13)
and (14), with

A := PACP ∗, B := PBC, C := CCP ∗, D := DC,

(17)
and

∆m = Pdiag(∆mG ,∆mK )P ∗, (18)

where AC, BC, CC, and DC are the closed loop matrices,
m = mG + mK and P is a permutation matrix that
simply ensures the correct order of the temporal and spatial
variables. For more information aboutwell-posednessand
exponential stability of the feedback interconnection of Fig.
1, see [14].
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Fig. 1. Feedback interconnection

III. CONTROL SYNTHESIS RESULTS

There are three main objectives for designing a controller
for the feedback interconnection of Fig. 1. Firstly, we require
the interconnectionPcl = G ? K to be well-posed and expo-
nentially stable. However, both well-posedness and stability
of the closed loop are not immediately relevant from the
perspective of model reduction. The third control objective
is the performance index of the closed-loop system.

For the purpose of control design, it is assumed that
signald captures the environmental effects such as noise and
disturbances on our feedback system. Outputz represents the
error signals which must be kept small. Therefore, the aim is
to find a controllerK which ensures that the mapping fromd
to z is contractive, i.e., the inducedL2 gain of the feedback
interconnectionPcl is less than 1. The fact that ensuring the
closed-loop norm(‖Pcl‖L2) to be contractive(< 1) plays an
important role in the model reduction problem will become
clear in Section 4.

In order to state the synthesis results, we require the
following matrix transformation:

Definition 1: Given matrix realization M =
{A, B,C, D,m}, where ASS + I is assumed to be
invertible, let H be the following matrix:

H =




Im1 0 · · · 0
0 −Im−1 · · · 0

. ..

0 0 · · · −Im−L


 . (19)

Define functionfD2C as

fD2C(M) := M =
{
A, B, C,D,m

}
, (20)

where

m := (m0,m1 + m−1, 0, · · · ,

+ mL + m−L, 0) , (21)

ASS := H (ASS− I) (ASS + I)−1
, (22)[

AST BS

]
:=

√
2H (ASS + I)−1 [

AST BS

]
,

(23)[
ATS

CS

]
:=

√
2

[
ATS

CS

]
(ASS + I)−1

, (24)

[
ATT BT

CT D

]
:=

[
ATT BT

CT D

]
−

[
ATS

CS

]

(ASS + I)−1 [
AST BS

]
. (25)

The model reduction results of Section 4 are also stated in
terms of the above transformationfD2C.

To state the main result of this section, we define the
following set of scaling matrices:

X G :=
{
XG : XG = diag(XG

T , XG
S,1, · · · , XG

S,L),

XG
T ∈ RmG

0×mG
0

S , XG
T > 0, XG

S,i ∈ RmG
i×mG

i
S

}
,

(26)

X K :=
{
XK : XK = diag(XK

T , XK
S,1, · · · , XK

S,L),

XK
T ∈ RmK

0×mK
0

S , XK
T > 0, XK

S,i ∈ RmK
i×mK

i
S

}
,

(27)

X GK :=
{
XGK : XGK = diag(XGK

T , XGK
S,1, · · · , XGK

S,L),

XGK
T ∈ RmG

0×mK
0

S , XGK
S,i ∈ RmG

i×mK
i

S

}
. (28)

The lemma given below will be useful to understand the
derivation of the synthesis results as well as the reduction
results of Section 4.

Lemma 1:Let mG
0 , · · · ,mG

L be fixed. GivenXG and Y G

in X G, there existsmK
0 , · · · , mK

L, XK and Y K in X K , and
XGK andY GK in X GK such that

[
XG XGK

(XGK)∗ XK

]−1

=
[

Y G Y GK

(Y GK)∗ Y K

]
(29)

if and only if [
XG

T I

I Y G
T

]
≥ 0. (30)

Furthermore, one may choosemK
i = Rank(I−Y G

S,iX
G
S,i), and

mK
o = Rank(I − Y G

T XG
T ).

For proof, see Lemma 2 in [14].
We can now state the main synthesis result of this section.
Theorem 1:Let MG

be given. Let the columns ofNY

form a basis for the null space of
[

(B
G

u)∗ (D
G

zu)∗
]
,

and the columns ofNX form a basis for the null space of[
C

G

y D
G

yd

]
. Then there existmK

i ≤ mG
i , XG ∈ X G,

XK ∈ X K , XGK ∈ X GK, and A
K
, B

K
, C

K
, D

K
such that



the three control objectives of well-posedness, stability and
closed-loop performance are satisfied if and only if there exist
XG andY G in X G such that the following three linear matrix
inequalities are satisfied:

U
∗




[
A

G
Y G + Y G(A

G
)∗ Y G(C

G

z)∗

C
G

zY G −I

] [
B

G

d

D
G

zd

]

[
(B

G

d)∗ (D
G

zd)∗
] −I


 U < 0, (31)

V
∗




[
(A

G
)∗XG + XGA

G
XGB

G

d)

(B
G

d)∗XG −I

] [
(C

G

z)∗

(D
G

zd)∗

]

[
C

G

z D
G

zd

] −I


 V < 0, (32)

[
XG

T I
I Y G

T

]
≥ 0, (33)

whereU =
[ NY 0

0 I

]
andV =

[ NX 0
0 I

]
.

See Theorem 3 of [14] for proof and other details of the
synthesis results.
During our discussion of the control objectives, we assumed
the performance index to be one. To design a controller that
ensures‖Pcl‖L2 < γ for someγ > 0, simply replace the
−I terms in (29) and (30) by−γI. This is equivalent to a
scaling of 1√

γ on matricesB andC in the state-space.

IV. MODEL REDUCTION

In the context of model reduction,M may represent a
nominal system model, likeG in Fig. 1, or a closed-loop
system,Pcl, consisting of a plant and a controller, or just a
controller. In any case, we first transform the data of the given
spatially distributed systemM via the matrix transformation
fD2C given in (20). The model reduction problem is then
formulated in terms of the transformed distributed system
M as follows:

Problem Formulation: Given a spatially distributed sys-
tem M with realizationM = {A,B, C, D,m} when does
there exist a lower order system modelMr with realization
Mr = {Ar, Br, Cr, Dr,mr} such that

‖M−Mr‖L2 < γ, where γ > 0.

The following theorem shows that given a spatially dis-
tributed system representationM, for any γ > 0, there
exists a lower order realizationMr such that theL2 induced
norm of the difference betweenM andMr is less than some
positive γ if there exist solutions,Xγ and Yγ , to a pair of
strict Lyapunov inequalities.

Theorem 2:Given a spatially distributed systemM
with realization M = {A, B, C, D,m}, there exists
a lower order systemMr with representationMr =
{Ar, Br, Cr, Dr,mr} such that‖M−Mr‖L2 < γ if there

exist block structuredXγ = X∗
γ and Yγ = Y ∗

γ both in X ,
satisfying

AXγ + XγA
∗

+ BB
∗

< 0, (34)

A
∗
Yγ + YγA + C

∗
C < 0, (35)

λmin(XγYγ) = γ2. (36)

whereγ > 0, M = {A,B, C, D,m} = f
D2C

(M) and

X := {X : X = diag(XT, XS,1, · · · , XS,L),
XT ∈ Rm0×m0

S , XT > 0, XS,i ∈ Rmi×mi
S

}
.

Proof: The proof is based on the synthesis results of Theorem
2, which were derived for a systemG given by the following
structure:



wG(t, s)
z(t, s)
y(t, s)


 =




A
G

C
G

z

C
G

y

∣∣∣∣∣∣∣

B
G

d B
G

u

D
G

zd D
G

zu

D
G

yd 0







xG(t, s)
d(t, s)
u(t, s)


 ,

(37)
wG = ∆mGxG. (38)

Consider Fig. 2.
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z M

rM

I

− I

0

d

Fig. 2. Feedback interconnection in the model reduction framework

Here

y = d, (39)

u = Mry = Mrd, (40)

z = Md− u =
(
M−Mr

)
d. (41)

We require this map fromd to z to be less thanγ. Fig. 2 is
then equivalent to Fig. 1 with

G =
[

M −I

I 0

]
, (42)

and
K = Mr. (43)

The state space form ofM with realization M =
{A, B, C, D,m} is given according to (13) and (14) as

[
w(t, s)
z1(t, s)

]
=

[
A B

C D

] [
x(t, s)
d(t, s)

]
, (44)



w = ∆mx. (45)

Note that
z = Md− u = z1 − u. (46)

Then G as given in (42) is captured by the following
equations:




w(t, s)
z(t, s)
y(t, s)


 =




A

C

0

∣∣∣∣∣∣

B 0
D −I

I 0







x(t, s)
d(t, s)
u(t, s)


 , (47)

w = ∆mx. (48)

In order to apply the synthesis results of Section 3, we still
need to determine appropriate matricesNX andNY . We know
from the assumptions in Theorem 2 that

ImNY = Ker
[

(B
G

u)∗ (D
G

zu)∗
]
, (49)

and
ImNX = Ker

[
(C

G

y) (D
G

yd)
]
. (50)

Since

ImNY = {w ∈ W : ∃ v ∈ V satisfying NYv = w} ,

and
Ker

[
(B

G

u)∗ (D
G

zu)∗
]

= {s ∈ S :[
(B

G

u)∗ (D
G

zu)∗
]
s = 0

}
.

This implies that
[

(B
G

u)∗ (D
G

zu)∗
]
NYv = 0 must hold ∀ v ∈ V.

Hence, [
(B

G

•u)∗ (D
G

zu)∗
]
NY = 0. (51)

Similarly,
[

(C
G

y) (D
G

yd)
]
NX = 0. (52)

Substituting values from (47) yields
[

0 −I
]NY = 0, (53)[

0 I
]NX = 0. (54)

The most obvious choice ofNY andNX satisfying (53) and
(54) is

NY = NX =
[

I

0

]
. (55)

Now we can apply the synthesis results of Theorem 1 to the
systemG given by (47) and (48). The first two LMIs in (31)
and (32) give
[

I 0 0
0 0 I

] 


[
AY + Y A

∗
Y C

∗

CY −γI

] [
B

D

]

[
B
∗

D
∗ ] −γI







I 0
0 0
0 I


 < 0,

[
I 0 0
0 0 I

] 


[
A
∗
X + XA XB

BX −γI

] [
C
∗

D
∗

]

[
C D

] −γI







I 0
0 0
0 I


 < 0,

whereX, Y ∈ X .

Equivalently, we have
[

AY + Y A
∗

B

B
∗ −γI

]
< 0, (56)

[
A
∗
X + XA C

∗

C −γI

]
< 0. (57)

Applying Schur complement formula to the above LMIs yield

AY + Y A
∗

+
1
γ

BB
∗

< 0, (58)

A
∗
X + XA +

1
γ

C
∗
C < 0. (59)

Now define

Xγ := γY, and Yγ := γX. (60)

So (58) and (59) become

AXγ + XγA
∗

+ BB
∗

< 0, (61)

A
∗
Yγ + YγA + C

∗
C < 0, (62)

thus giving the first two LMIs of the simplification result. To
arrive at the third condition, we make use of the last LMI of
Theorem 2 [

XT I

I YT

]
≥ 0. (63)

Applying a Schur complement operation, the above inequal-
ity is equivalent to

XT − Y −1
T ≥ 0. (64)

Substituting from (60) we get

1
γ

YγT
− γX−1

γT
≥ 0. (65)

This gives
XγT

YγT
≥ γ2I. (66)

Applying Lemma 1 to (63), and substituting forXγ and
Yγ from (60) we get,Rank(γ2I − XγT

YγT
) = mr0 . Thus

λmin(XγT
YγT

) = γ2. Note thatXγ andYγ are block diagonal
compositions ofXγT

andYγT
. This implies

λmin(XγYγ) = γ2, (67)

which is the required result.

V. CONCLUSIONS

The model reduction method presented in this paper relies
on solution of a pair of LMIs and is thus computationally
feasible. It is applicable to systems evolving continuously in
time, whose dynamics are spatially invariant. The reduction
algorithm presented in this paper should be viewed as the
continuous time counterpart of the one presented in [13]. It



makes use of the control design method for spatially invariant
distributed systems presented in [14] and casts that design
problem into an equivalent reduction problem by suggesting
an appropriate choice for the systemG.

Ongoing studies in this area include extension of above
results to systems whose temporal dynamics do not satisfy
the usual Lyapunov stability conditions. Current work also
focuses on developing model reduction results for systems
that are not shift invariant in temporal or spatial variables
[19].
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