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Abstract—This paper presents a technique for model reduc- herein require the solution of two linear matrix inequalities
tion of spatially distributed systems. It is applicable to systems (LMIs). The main difference is that we consider systems
with dynamics that evolve continuously in time, but whose that evolve continuously in time, as is the case for most

spatial structure is inherently discrete. The technique relies on wrall . t We t f th trol
linear matrix inequality (LMI) based synthesis results developed naturally occurring systems. Vve transform the control syn-

for control design of spatially interconnected systems. A key thesis problem of [14] into an equivalent reduction problem.
property which is exploited in the derivation of synthesis results ~ Although the results described in this paper are only valid for

is spatial invariance which means that the system dynamics gpatially invariant systems, these techniques can be extended

remain unchanged with translation in spatial coordinates. Such to derive reduction results for spatially varying systems like
systems can be modelled by linear fractional transformations . .
those discussed in [15], [16], [17], [18].

(LFTs) on spatial and temporal variables. The results in this i ) ] )
paper are presented in terms of LMIs, making the reduction The paper is organized as follows; Section 2 introduces the

problem computationally attractive. notation and basic concepts used in the paper. The control
synthesis results of [14] are reviewed in Section 3. The LMIs
derived in Section 4 constitute the main model reduction
In many control applications, the plant and controllefesult of this paper, and concluding remarks are given in
interface is limited to a small number of sensor and actuat®ection 5.
locations. However, recent technological progress, in the area
of micro-electro-mechanical systems (MEMS) for example, II. PRELIMINARIES
has enabled distribution of microscopic actuators and sensors
in certain spatial configurations, thus, giving much improved The set of real numbers and integers is denotetk bgnd
control capabilities. Examples include distributed flow conZ- The space of by m matrices in real and complex fields is
trol problems [1], [2], smart mechanical structures [3], [4]denoted byR™*™ andC"*". Then by n identity matrix is
formation flight of unmanned planes and vehicle platoondenoted!. Rg™" denotes symmetria by n matrices.M > 0
[5], [6], and cross-directional paper control [7], [8]. ThesdOr & symmetric matrix implies:*Mxz > 0V = # 0. The
spatially distributed systems thus consist of multiple unit§'a@ximum singular value ot € C"*™ is denoted bys(A).
that interact with their nearest neighbors to coordinate somfé  denotes the complex conjugate transpose of matrix
global behavior. The interactions between adjacent unithe kernel or null space ofl is denoted byKer A and the
increase the complexity of the entire distributed system. iMmage space of a matriX is denotedim A.
A computationally feasible method directly aimed at sim- For consistency, we utilize much of the same notation as
plifying models of spatially distributed systems is presenteth [14]. This is, lets = (s1,---,sz) denote the spatial
in this paper. The underlying dynamics of these systems agémensions of a distributed system. For spatially discrete
assumed to be spatially invariant. Spatial invariance shoufystems, we assume that € Z. We deal with signals of
be viewed as the counterpart to time invariance for spatidbe formu = u(t,s), wheret € R* denotes the temporal
temporal systems. These systems can be modelled in tf&ension.
linear fractional transformation (LFT) framework and reprel-et space/, be the set of functions for which:
sented by generalized state-space realizations [9], [10], [11], oo 0
[12]. The main advantages of the proposed model reduction Z Z z*(s)z(s) < oo. (1)
method is that it preserves the distributed structure of the s1=—00  S§L=—00
interconnected system, while at the same time providing
priori error bounds.
As in the simplification results of discrete time spatially o0 lu(t)|2.dt 9
distributed systems [13], the reduction techniques described /O u()llz,dt < oo. @

I. INTRODUCTION

§pa0e£2 denotes the set of functions for which:



The inner product o, is given by whereS; € L.
A system must be bounded for it to be expressed in the

@Y= Y > T (s)y(s), (3) desired LFT framework. A bounded system is one that maps
sj=—o00  sp=-o00 Lo 10 Ly for z:(0) = 0, and itsL, induced gain denoted by
whereas the inner product afy, is given by [|IM]|z, is finite. Thewell-posednessondition described in
o detail in [14] guarantees the boundedness of the system given
(u,v) g, = / (u(t),v(t))e,dt. (4) by (8)and (9). We can now represent this infinite dimensional
0 systemM in the following LFT framework.
The corresponding norms dp and £, are simply the square
roots of their inner products, i.€la| := \/(a, a). To account { w(ts) ] = { 4B } { z(t.s) ] , (13)
for signals, whose overall norm may not be finite even if their 2(t,s) ¢ D d(t,s)
spatial norm at every instant is finite, we define the space w=AmnT. (14)
for which: o ] )
- where A, B, C, and D are finite dimensional constant matri-
/ [u(t)||2,dt < oo, for everyT > 0. (5) ces given by the following structure:
’ An A B C
The induced gain of an operatbr on ¢, is given by A= { A; AZ ] ) = { BL ] ) = { Cl ] .
Bl = sup LEole © - Sator)
2 etrazo 2o We defineM := {A,B,C,D,m}, as the realization of

systemM. The d — z map for zero initial conditions for
a system given by (13) and (14) is given by+ C(A,, —
A)~!B and is simply denote®1.

An operator is bounded ifF||¢, < co. The operato* is
the adjoint of a bounded operatbr if

(u, Fo)g, = (F*u,v)g, ¥V u,v € ly. (7) Consider the feedback interconnection of Figdlis the
o o external input of the closed-loop system anid the external
Similar definitions hold for operators ofy,. output.w andy represent the control and sensor signéis.

The systems we consider in this paper evolve continuouspgpresents the system under considerationlndenotes its
in time but their structure is inherently spatially discrete. Legontroller. Section 4 explains in greater detail how to interpret
M be such a system, then its dynamics may be given by thg and K in the context of a model reduction problem.
following infinite dimensional state space equations: For now we restrict ourselves to the fact that given a
realization M® = {A®, B¢, C®, D¢ m°®} for G and M¥ =

tr(t Ax.(t) + Bd(t), 8 s

(1) wr(t) (t) ® {A%, B¥,C*, D¥, m"} for K, we can form a realization for
2(t) = Cu(t) + Dd(t), ©®)  the interconnected syste®,, = G K. This realization

r(0) = zo. (10)  MPe = {A, B, C, D, m} of the interconnection is a function

G K- H
where operatord, B, C, andD are assumed to be boundedmc M® and M"; denoted by, ., i.e.,

on {s. xz(t),d(t), 2(t), and 2o belong to¢,. We want to MPet =: f,(MC, M¥). (16)
represent the above infinite dimensional system in terms of . .
constant finite dimensional matrices in state-space form. In 1he feedback interconnection can thus be captured by (13)

order to achieve the finite dimensional realization, we defin@"d (14), with

the following: . A= PA°P*, B:=PB°, C:=C°P*, D:=D°
Spatial shift operatorS; on /s are given as 17)
(Slu(t))(s) = u(ta S1,000 58+ 17 e vSL)ai = 1a e 7L' and

(11) Ap, = Pdiag(Ame, Am<)P", (18)
Let the multiplicities of all shift operators be denotedrhyj where A, B¢, C¢, and D are the closed loop matrices,
(mo, my, m_y,ma,m—,--- ,m_r), where eachn; € Z* |\ _ e |y« and P is a permutation matrix that
oris zero, then we define the operaby, with the following simply ensures the correct order of the temporal and spatial
structure variables. For more information aboutell-posednessnd

A, = diag (dt‘[mnvsll’mnsll-{m1782-[77127 exponential stability of the feedback interconnection of Fig.
1, see [14].

82_1]77L,27"' ,SzllmiL) I (12)



7 G d where

— m = (mg,mi+m_1,0,---,
+mp+m_p,0), (22)
y u Ass = H(Ass—I)(As+ D', (22)
[ Ast Bs ] = \/iH (ASS+I)_1 [ Ast  Bs } )
K (23)
Fig. 1. Feedback interconnection [ %: } = \/5 [ jé‘TSS } <ASS+ 1)717 (24)
5] - (& 5[]
C: D ' C: D Cs
IIl. CONTROL SYNTHESIS RESULTS (Ass+ I)_l [ Ast Bs ] . (25)

The model reduction results of Section 4 are also stated in
terms of the above transformatigf,..
There are three main objectives for designing a controller To state the main result of this section, we define the
for the feedback interconnection of Fig. 1. Firstly, we requirdollowing set of scaling matrices:
the interconnectiod?,; = G * K to be well-posed and expo-

G P G . G __ : G G .. G
nentially stable. However, both well-posedness and stability AT = {X X . Tf‘g(XT’XSJ’ ’XjGL)’%
of the closed loop are not immediately relevant from the XPeRS X2 >0,X8, € R;”ixmi},
perspective of model reduction. The third control objective (26)
is the performance index of the closed-loop system. P {XK YK diag(X?,XSK’l, o 7X§,L>7

For the purpose of control design, it is assumed that
signald captures the environmental effects such as noise and
disturbances on our feedback system. Outprgpresents the (27)
error signals which must be kept small. Therefore, the aim isy* = {X°¢: X°¢ = diag(X$¢, X%, .-, X)),
to find a controlled& which ensures that the mapping frein GK mexmE < oK me X
to z is contractive, i.e., the inducefl, gain of thzr?‘eegdback X e R Xoi € Rs } ' (28)
interconnectiorP; is less than 1. The fact that ensuring the The lemma given below will be useful to understand the

closed-loop norni||P;||,) to be contractivé< 1) plays an derivation of the synthesis results as well as the reduction
important role in the model reduction problem will becomeesults of Section 4.

XK e RO XK >0, XK, e RTT }

clear in Section 4. Lemma 1:Let g, --- ,m¢ be fixed. GivenX® andY®
In order to state the synthesis results, we require tH8 X, there existsmg, .-, mf, X* and Y* in ¥, and
following matrix transformation: X andY e in X°¢ such that
—1
Definition 1: Given matrix  realization M = { Xe  XeK } _ { ye o ye« } (29)
{A,B,C,D,m}, where Ass + I is assumed to be (xe)  Xxx (yeer vy«
invertible, let H be the following matrix: if and only if
Xe T
[ T e } > 0. (30)
I, 0 0 T
0 —In., - 0 Furthermore, one may choosg = Rank(/-Yg, X¢,;), and
H= N : (19) X = Rank(I — Y2 X9).
' For proof, see Lemma 2 in [14].
0 0 I,

We can now state the main synthesis result of this section.
Theorem 1:Let M- be given. Let the columns al,
form a basis for the null space df (Bo)* (D.,)* |,
and the columns of\; form a basis for the null space of
[ Cy Dy, } Then there existm® < m¢, X¢ e X¢°,
fore(M) :=M = {A,B,C,D,m}, (20) X* € XX, X®¢ ¢ x° and A",B",C",D" such that

Define functionf,,. as



the three control objectives of well-posedness, stability anekist block structuredX, = X> andY, = Y* both in X,
closed-loop performance are satisfied if and only if there exisatisfying
X® andY® in X¢ such that the following three linear matrix

inequalities are satisfied: Af] + X7A7+ E*Bi < 0 (34)
AY, +Y,A+C C < 0, (35)
[ A°Y° 4 YO(AY) Ye(Co)* ] [ B ] Anin(X,Y5) = A2 (36)
U* clye ~I D, U<0, (31) -
[ (B (D" ] -1 wherey > 0, M = {4, B,C, D,m} = f,,.(M) and
[ (A%)* X+ X°A° X°BY) ] [ @°)* } X = {X:X =diag(X+, Xs1, -, Xs1),
v By x® -1 (DS )" V<o, (32 X e RO X1 >0, X5, € REV™i}.
[ C. D.i] - Proof: The proof is based on the synthesis results of Theorem
. 2, which were derived for a syste@ given by the following
{ I ve ] 20, @3 structure:
—G —=G —=G
Ny 0 Ny 0 wS(t,s) A | Ba By °(t;s)
whereU = [ 0 7 } andV = { N E z(t,s) | =| C.| D,y D, d(t,s) |,
See Theorem 3 of [14] for proof and other details of the L %(,s) 52 D, 0 u(t,s)
synthesis results. . . @37
During our discussion of the control objectives, we assumed W = Amet”. (38)

the performance index to be one. To design a controller thgd,nsider Fig. 2.
ensures||P ||z, < v for some~ > 0, simply replace the
—1 terms in (29) and (30) by-+I. This is equivalent to a
scaling of\% on matricesB and C' in the state-space.

7<= M -1 |=—d
IV. MODEL REDUCTION 1

In the context of model reductiodVI may represent a
nominal system model, lik& in Fig. 1, or a closed-loop
system,P;, consisting of a plant and a controller, or just a
controller. In any case, we first transform the data of the given M
spatially distributed systefM via the matrix transformation
fose Qiven in (20). The model reduction problem is then
formulated in terms of the transformed distributed system
M as follows:

Fig. 2. Feedback interconnection in the model reduction framework

Here
Problem Formulation: Given a spatially distributed sys-
tem M with realization M = {A, B,C, D,m} when does y = d, (39)
there exist a lower order system moddi, with realization v = M,y=M,d, (40)
M, ={A4,,B,,C,,D,,m,} such that s = Md—u— (H— Mr) d. (41)
IM—M,|z, <7, where v> 0. We require this map frord to =z to be less than. Fig. 2 is

_ _ ) _ then equivalent to Fig. 1 with
The following theorem shows that given a spatially dis-

tributed system representatioM, for any v > 0, there G- [ M -~ ] , (42)
exists a lower order realizatioM,. such that theC, induced

norm of the difference betwedvl andM, is less than some and

positive v if there exist solutions X, andY,, to a pair of K=M,. (43)
strict Lyapunov inequalities.

Theorem 2:Given a spatially distributed systenM

The state space form oM with realization M =
with realization M = {A,B,C,D,m}, there exists {4,B,C, D, m} is given according to (13) and (14) as

a lower order systemM, with representationM, = [ w(t,s) ] B { A B} {x(t,s) ]
| C D ’

{A,,B,,C,,D,,m,} such that|M — M, ||z, < v if there 21(t,s) d(t,s) (44)



w = AR (45) whereX,Y € X.
Equivalently, we have

Note that
=Md—u=2 —u. 46 = - =
‘ vea (46) AVLYa By, (56)
Then G as given in (42) is captured by the following B -1
equations: o { AX+XA C ] < o (57)
w(t,s) Al B 0 z(t,s) ¢ -
z(t,8) | = C| D -I d(t,s) |, (47) Applying Schur complement formula to the above LMIs yield
y(t,s) 0 I 0 u(t,s o e 1.
AY +YA —BB
w= Am. (48) + + 5 < 0, (58)

—x — 1w
In order to apply the synthesis results of Section 3, we still AX+XA+-CC < 0. (59)
need to determine appropriate matriggsandN, . We know K

from the assumptions in Theorem 2 that Now define
Im N, = Ker [ (Ei)* (ﬁju)* ] 7 (49) X, =7Y, and Y, :=~X. (60)
and So (58) and (59) become
—G —G o e .
T N :Ker[ (C,) (Dya) } (50) AX, + X, A"+ BB < o, (61)
Since AV, +v,A+CC < o, (62)
ImNy ={weW:3 veV satisfying Nyv =w}, thus giving the first two LMIs of the simplification result. To
and arrive at the third condition, we make use of the last LMI of
Ker| (By)r (D%,)° | ={ses: Theorem 2 X, 1
. . > 0. 63
[ B @2 |s=0}. NMEIE ©
This implies that Applying a Schur complement operation, the above inequal-
[ (B (D2,)* } Nyv =0 must hold V ve. ity is equivalent to
Hence, X -yt >0 (64)
[ (B.)* (DS,)* } N, =0. (51) Substituting from (60) we get
Similarly, EYVT —yX P >o0. (65)
Y
—G —G
[ (Cy) (Dya) } Nx = 0. (52)  This gives
Substituting values from (47) yields XY, >~°1. (66)
[ 0 —I }J\/‘Y = 0, (53) Applying Lemma 1 to (63), and substituting fox,, and
[0 TN = o (54) Y- from (60) we getRank(y?I — X..Y,,) = m,,. Thus

Amin(X.Y5,) = 72. Note thatX,, andY,, are block diagonal
The most obvious choice of/, and Ny satisfying (53) and  compositions ofX.,, andY,. This implies

(54) is 2
|: I :| . (55) )\min(X“/Y’Y) =7 (67)

0 which is the required result.

Now we can apply the synthesis results of Theorem 1 to the
sy%te(gng given by (47) and (48). The first two LMIs in (31) V. CONCLUSIONS
an give

NY:N)(:

- . B The model reduction method presented in this paper relies
[ I 0 o ] { [ aara {SI ] [ s ] } { Lo } <o, On solution of a pair of LMIs and is thus computationally
o 0 D —~T feasible. It is applicable to systems evolving continuously in
time, whose dynamics are spatially invariant. The reduction
} { I o } _,  algorithm presented in this paper should be viewed as the
" continuous time counterpart of the one presented in [13]. It

—5*

[ B

A"X+ XA XB c”
BX —~1 *

I 0 0
0o 0 I

[ C D] —~I



makes use of the control design method for spatially invarian{8] J. G. VanAntwerp, A. P. Featherstone, and R. D. Braatz.
distributed systems presented in [14] and casts that design Robust cross-directional control of large scale sheet and
problem into an equivalent reduction problem by suggesting film processesJournal of Process Contrpll1(2):149—

an appropriate choice for the systdaeh 177, 2001.

Ongoing studies in this area include extension of abovd9] R. D’Andrea. A linear matrix inequality approach to
results to systems whose temporal dynamics do not satisfy decentralized control of distributed parameter systems.
the usual Lyapunov stability conditions. Current work also In Proc. American Control Conferencgages 1350—
focuses on developing model reduction results for systems 1354, 1998.
that are not shift invariant in temporal or spatial variable§l0] R. D'Andrea, G. Dullerud, and S. Lall. Convek
[19]. synthesis for multi-dimensional systems.Rroc. IEEE
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